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A new quasigroup approach to conservation laws in general relativity is applied to study asymptot-
ically flat at future null infinity spacetime. The infinite-parametric Newman-Unti group of asymp-
totic symmetries is reduced to the Poincare´ quasigroup and the Noether charge associated with
any element of the Poincare´ quasialgebra is defined. The integral conserved quantities of energy-
momentum and angular momentum are linear on generators of Poincare´ quasigroup, free of the
supertranslation ambiguity, posess the flux and identically equal to zero in Minkowski spacetime.
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As well known the general covariance of the Einstein
equations results in differential conservation laws related
to the field equations. From Noether’s theorem one shows
that for an arbitrary diffeomorfism generated by the vec-
tor field ξ the invariance of the Lagrangian for the Ein-
stein equations leads to the conservation laws of the form
Jµ(ξ),µ = 0, (1)
where the vector density Jµ is defined as Jµ(ξ) = hµν,ν ,
hµν = −hνµ being the superpotential, which is con-
structed from the densities of spin, bispin, vector field
ξ and its derivatives [1, 2, 3]. For the Einstein-Hilbert
action one obtains up to a factor of 2 a simple expression
Jµ = − 1
4π
(√−gξ[µ;ν])
,ν
(2)
which was first given by Komar [4]. It is impossible sim-
ply to “renormalize” Jµ by factor of 2 because the nor-
malization for energy-momentum and angular momen-
tum differ by a factor of 2. The resolution of this problem
is known [5]. One needs to add to the Einstein-Hilbert
action I a surface term Is and apply Noether’s theorem
to I+Is. Komar’s expression provides a fully satisfactory
notion of the total mass in stationary, asymtotically flat
spacetimes.
For an asymptotically flat spacetime the group of
asymptotic symmetries is an infinite-parametric one. It
contains an unique four-parametric translation subgroup
and infinite-parametric subgroup of supertranslations.
Both groups are the normal subgroups and the Lorentz
group occurs as a factor group of the asymptotic symme-
tries group by the infinite dimensional subgroup of su-
pertranslations. Therefore there does not exist a canon-
ical way of choosing the Poincare´ group as a subgroup
of the group of asymptotic symmetries. There are too
many Poincare´ subgroups, one for each supertranslations
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which is not translation. These circumstances generate
the main difficulties in the numerous attempts to find the
correct definition of angular momentum.
In our article a new quasigroup approach to the conser-
vation laws developed in [2, 6, 7, 8, 9] is applied to asymp-
totically flat spacetime. The Poincare´ quasigroup at fu-
ture null infinity (J +) is introduced and compared with
other definitions of asymptotic symmetries that have ap-
peared in the literature. We define the Noether charge
associated with any element of the Poincare´ quasialgebra.
It may be regarded as a form of linkages by Tamburino
and Winicour [10] but with the new gauge conditions for
asymptotic symmetries.
Quasigroups of transformations. The definition of the
quasigroup of transformations first was given by Batalin
[11]. Below we outline the main facts from the theory of
the smooth quasigroups of transformations [12].
Let M be a n-dimensional manifold and the continuos
law of transformation is given by x′ = Tax, x ∈ M,
where {ai} is the set of real parameters, i = 1, 2, . . . , r.
The set of transformations {Ta} forms a r-parametric
quasigroup of transformations (with right action on M),
if:
1) there exists a unit element which is common for all xα
and corresponds to ai = 0 : Tax|a=0 = x;
2) the modified composition law holds:
TaTbx = Tϕ(b,a;x)x;
3) the left and right units coincide:
ϕ(a, 0;x) = a, ϕ(0, b;x) = b;
4) the modified law of associativity is satisfied:
ϕ(ϕ(a, b;x), c;x) = ϕ(a, ϕ(b, c;Tax);x);
4) the transformation inverse to Ta exists: x = T
−1
a x
′.
The generators of infinitesimal transformations
Γi = (∂(Tax)
α/∂ai)|a=0∂/∂xα ≡ Rαi ∂/∂xα
form quasialgebra and obey the commutation relations
[Γi,Γj ] = C
p
ij(x)Γp, (3)
2where Cpij(x) are the structure functions satisfying the
modified Jacobi identity
Cpij,αR
α
k + C
p
jk,αR
α
i + C
p
ki,αR
α
j
+ClijC
p
kl + C
l
jkC
p
il + C
l
kiC
p
jl = 0. (4)
Theorem. Let the given functions Rαi , C
p
kj obey the
equations (3), (4), then locally the quasigroup of trans-
formations is reconstructed as the solution of set of dif-
ferential equations:
∂x˜α
∂ai
= Rαj (x˜)λ
j
i (a;x), x˜
α(0) = xα, (5)
∂λij
∂ap
− ∂λ
i
p
∂aj
+ Cimn(x˜)λ
m
p λ
n
j = 0, λ
i
j(0;x) = δ
i
j . (6)
Eq. (5) is an analog of the Lie equation, and Eq. (6) is
the generalized Maurer-Cartan equation.
The notion of quasigroups is not widely known, there-
fore we give here two elementary examples playing the
important role in the description of generalized coher-
ent states for the groups SU(2), SU(1, 1) and Thomas
precession [16, 17].
Quasigroup QS(2). This quasigroup is associated with
the group SU(2) and its action on the two-sphere S2.
The sphere S2 admits a natural quasigroup structure,
namely, S2 is a local two-parametric loop QS(2) which is
defined as follows. Let C be a complex plane and the iso-
morphism between points of the sphere and the complex
plane C is established by the stereographic projection
from the north pole of the sphere: ζ = eiϕ tan(θ/2). The
nonassociative multiplication ⋆ is defined by
ζ ⋆ η =
ζ + η
1− ζη , ζ, η ∈ C.
where a bar denotes complex conjugation.
Loop QH(2). This loop is associated with the group
SU(1, 1) and its action on the two-dimensional unit hy-
perboloid H2. Let D ⊂ C be the open unit disk,
D = {ζ ∈ C : |ζ| < 1}. We define the binary opera-
tion ∗ as following:
ζ ∗ η = ζ + η
1 + ζ¯η
, ζ, η ∈ D.
InsideD the set of complex numbers with the operation ∗
forms two-sided loop QH(2), which is isomorphic to the
geodesic loop of two-dimensional Lobachevskii space re-
alized as the upper part of two-sheeted unit hyperboloid.
The isomorphism is established by ζ = eiϕ tanh(θ/2) ,
where (θ, ϕ) are inner coordinates on H2.
Null infinity and Poincare´ quasigroup. It is known that
for asymptotically flat at future null infinity (J +) space-
time the group of asymptotic symmetries is the infinite-
parametric Newman-Unti (NU) group which contains the
infinitedimensional Bondi-Metzner-Sachs (BMS) group
preserving strong conformal geometry of J + [18, 19, 20,
21].
NU group is the group of tranformations J+ → J+:
u→ u′ = f(u, ζ, ζ¯), ∂f/∂u > 0,
ζ → ζ′ = (αζ + β)/(γζ + δ). αδ − βγ = 1,
where f(u, ζ, ζ¯) is an arbitrary function, ζ being a com-
plex stereographic coordinates at two-dimensional space-
like cross sections of J + labeled by a coordinate u and
its metric is given by
ds2 =
2dζdζ¯
|P (u, ζ, ζ¯)|2 ,
where we assume P = V P0, P0 = (1/
√
2)(1+ ζζ¯). When
V = 1 this metric is reduced to the Bondi metric.
The infinite-parameter BMS-subgroup of NU-group is
determined as following
u→ u′ = K(ζ, ζ¯)(u + a(ζ, ζ¯)),
ζ → ζ′ = (αζ + β)/(γζ + δ), αδ − βγ = 1,
whereK(ζ, ζ¯) = (1+ζζ¯)/(|αζ+β|2+|γζ+δ|2) and a(ζ, ζ¯)
is an arbitrary regular function on S2. The infinite-
parameter normal subgroup of BMS-group
ζ′ = ζ, u′ = u+ a(ζ, ζ¯),
is called the subgroup of supertranslations and contains
a four-parameter normal translation subgroup
a =
A+Bζ + B¯ζ¯ + Cζζ¯
1 + ζζ¯
.
The factor group of the BMS-group by the supertransla-
tions consists from the conformal transformations S2 →
S2 and it is isomorphic to the proper orthochronous
Lorentz group.
On J + a general element of NU-algebra is given by
(We use the spin coefficients formalism by Newman and
Penrose [22] choosing κ = ε+ ε¯ = 0, τ = π¯ = α¯+β, ρ =
ρ¯)
ξ = B(u, ζ, ζ¯)∆0 + C(u, ζ, ζ¯)δ¯0 + C¯(u, ζ, ζ¯)δ0, (7)
where ðC = 0 and ð,∆0, δ0 are the standard NP opera-
tors “edth”, ∆ and δ restricted on J +.
In an arbitrary coordinate system on J+ the genera-
tors of four-parameter translation subgroup is given by
ξa = Ba(ζ, ζ¯)∆
0, (C = 0), (8)
where the function Ba is the solution of the following
equation
ð
2Ba = Ba(4(α¯
0)2 − 2ðα¯0),
(a runs from 1 to 4). The generators of “Lorentz group”is
determined as following:
ξA = BA(u, ζ, ζ¯)∆
0 + CAδ¯
0 + C¯Aδ
0, (ðCA = 0), (9)
3where the function BA satisfies (A runs from 1 to 6)
B˙A = QA(u, ζ, ζ¯) + (1/2)(ð¯CA + ðC¯A),
here QA(u, ζ, ζ¯) is an arbitrary real function and a dot
being derivative with respect to the retarded time u. The
generators of the NU-group obey the commutation rela-
tions:
[ξa, ξb] = 0, [ξa, ξB] = C
b
aB(u, ζ, ζ¯)ξb,
[ξA, ξB] = C
D
AB(u, ζ, ζ¯)ξD, (10)
where CbaB , C
D
AB are the structure functions, depending
on arbitrary function Q [23].
Reduction of NU-group to the Poincare´ quasigroup.
The point is to obtain conditions on an arbitrary func-
tion BA in the definition (9) of the generators of “Lorentz
group” using the asymptotic conditions near the J+.
The scheme consists of two steps [7, 9]:
(i) Propagate the asymptotic generators ξ inward along
the null superface Γ intersecting J+ in Σ+ by means of
geodesic deviation equation
∇2l ξ + R(ξ, l)l = 0, (11)
imposing the following conditions at J +:
lim
r→∞
lµlν£ξgµν = 0, lim
r→∞
rlµmν£ξgµν = 0,
lim
r→∞
lµnν£ξgµν = Q(u, ζ, ζ¯),
£ξ being Lie derivative with respect to ξ.
(ii) Use the commutation relations
[ξa, ξb] = 0, [ξa, ξB] = C
b
aB(r, u, ζ, ζ¯)ξb,
[ξA, ξB] = C
D
AB(r, u, ζ, ζ¯)ξD, (12)
and asymptotic expansion of Cabc
C = C0 + C1r
−1 + C2r
−2 + · · · ,
r being a canonical parameter and C0-s the same as in
Eq.(10), evaluate all coefficients of these series. The com-
putation yields [7]:
(a) The generators of translations are given by
ξa = Ba∆
0, (13)
where Ba = la(ζ, ζ¯)/|V (u, ζ, ζ¯)|, la satisfies ð20la = 0 and
a “standard edth” ð0 is referred to Bondi frame. There
are four independent solutions of this equation.
(b) The generators of boosts and rotations are given
by
ξA = BA∆
0 + CAδ¯
0 + C¯Aδ
0, (14)
where BA = ℜB˜A, and the complex function B˜A satisfies
ð
2B˜A − B˜Aλ¯0 = σ
0
2
(3ðC¯A − ð¯CA) + C¯Aðσ0 + CAð¯σ0,
(15)
σ0 being the asymptotic shear, λ0 the news func-
tion, and ðCA = 0. There are six independent solu-
tions of this equation which can be written as CA =
lA(ζ, ζ¯)/V¯ (u, ζ, ζ¯), where lA is a solution of the equation
ð0lA = 0. Further it is convenient to present the function
BA as
BA = ðηC¯A +
u− η
2
ðC¯A + c.c., (16)
(c) The generators of the Poincare´ quasigroup obey at
J+ the commutation relations:
[ξa, ξb] = 0, [ξa, ξB] = C
b
aB(u, ζ, ζ¯)ξb,
[ξA, ξB] = C
D
AB(u, ζ, ζ¯)ξD,
CDAB, C
i
aB being the structure functions, depending on
BA = ℜB˜A, where B˜A is the solution of the equation
(15). The last commutation relations mean that the gen-
erators of Lorentz quasigroup form a closed algebra.
Note that the same results (a) - (b) can be obtained
using instead of (ii) the asymptotic Killing equations
£ξgµν = 0(1/r
n), where the positive integer n depends
on the choice of components. This is the usual way
emerging the NU (or BMS) group (see, e.g., [24] and
refrences therein). More exactly these equations read
nµnν£ξgµν = O(r), m
µnν£ξgµν = O(r),
mµmν£ξgµν = O(r
0), mµm¯ν£ξgµν = O(r
−2), (17)
If involve the next orders in powers of r, the system (17)
does not have solution, without additional assumptions.
It can be understood from the following observation: ex-
istence of the solution of the Killing equtions for an arbi-
trary order in powers of r implies that the spacetime has
the isometries. Solutions of the geodesic deviation equa-
tion exist in an arbitrary spacetime, while the system of
the asymptotic Killing equations is compatible with (i),
(ii) only for n ≤ 2 [7, 9]. Note also, that the Jacobi
dields play a fundemantal role in quasigroup approach to
quasilocal conservation quantities [2, 6, 7, 9].
As known a group of isometries can be defined as
a group which transforms an arbitrary geodesic to a
geodesic one and the Killing vectors satisfy the geodesic
deviation equation for any geodesic. In the construc-
tion above only null geodesics passing inward are trans-
formed to the geodesics under the transformations of the
Poincare´ quasigroup. Besides, the Poincare´ quasigroup
is appeared only in a radiative case. For non-radiating
at J + systems the generators (13), (14) coincide with
these ones obtained by Moreschi [25] via solution of the
twistor equation on J+, and the Poincare´ quasigroup is
isomorphic to the Poincare´ group. It conforms to the
well known results on the reduction of the BMS group to
the Poincare´ group for the asymptotically flat stationary
spacetime.
Isometries compatible with gravitational radiation and
the Poincare´ quasigroup. There are known spacetimes
4with double (boost-axial) symmetries which are asymp-
totically flat and admit radiation [26, 27]. Let us intro-
duce on J + the NP basis
n|J+ ≡ ∆0 = ∂/∂u,
m|J+ ≡ δ0 = (1/
√
2) (∂/∂θ− (i/ sin θ)∂/∂ϕ) .
It is easy to show that for the rotational Killing vector
(15) is identity. For the boost Killing vector along the
axis z Eq.(15) leads to the following constraint on the
news function [7, 9]:
u cot θ
∂λ¯0
∂u
+
∂λ¯0
∂θ
+ 2λ¯0 cot θ = 0. (18)
This equation is exactly the differential equation for the
news function (Eq.(58) in [27]), and hence the quasigroup
approach conforms to the known data on the radiative
structure of boost-axial spacetime.
Energy-momentum and angular momentum on J+.
As known the Komar integral is not invariant under a
change of the choice of the generators of time translations
in the equivalence class associated with the given BMS
translation. Besides, the resulting energy would not be
the monotonically decreasing Bondi energy but the less
physical Newman-Unti energy [18]. For an asymptoti-
cally flat at future null infinity spacetime the modified
“gauge invariant” Komar integral (linkage)
Lξ(Σ) = − lim
Σα→J+
1
4π
∮
Σα
(
ξ[α;β] + ξρ;ρl
[αnβ]
)
dsαβ ,(19)
where {Σα} being one-parameter family of spheres, was
introduced by Tamburino and Winicour [10]. We adopt
this as our definition of the conserved quantities on J+
associated with the generators of the Poincare´ quasi-
group. The computation leads to the following coordi-
nate independent expression [7, 9]:
Lξ = −(1/4π)ℜ
∮ [
B
(
Ψ02 + σ
0λ0 − ð2σ¯0)
+2C¯
(
Ψ01 + σ
0
ðσ¯0 + (1/2)ð(σ0σ¯0)
)]
dΩ, (ðC = 0).(20)
The integral four-momentum is given by
Pi = −(1/4π)ℜ
∮ [
Bi
(
Ψ02 + σ
0λ0 − ð2σ¯0)] dΩ, (21)
where Bi = li/|V | and four-vector
l =
1
1 + |ζ|2
(
1 + |ζ|2, ζ + ζ¯ , i(ζ − ζ¯), |ζ|2 − 1) .
Using the Bianchi identities we compute the loss of
energy-momentum
P˙i = −(1/4π)
∮
Bi|N |2dΩ, (22)
where N = λ0 + 2ð¯α0 − 4(α0)2. In the special coor-
dinates (V = V¯ ) the expression (22) coincide with the
expression obtained in [28] and in the Bondi frame we
get the standard expression (see, e. g. [29])
P˙i = −(1/4π)
∮
li|λ0|2dΩ. (23)
The angular momentum is given by
MA = −(1/4π)ℜ
∮
l¯AFdΩ, (24)
where lA is the solution of ðlA = 0 and
F = 2Ψ01 + 2σ0ðσ¯0 + ð(σ0σ¯0) + 3ðη(Ψ02 + σ0λ0 − ð2σ¯0)
+(η − u) (ðΨ02 + ð(σ0λ0)− ð3σ¯0) .
It yields
M˙A = −(1/4π)ℜ
∮
l¯A
∂
∂u
( F
V |V |2
)
V |V |2dΩ. (25)
Let Σ1 and Σ2 be arbitrary cross-sections at J +, then
the flux of the energy-momentum and angular momen-
tum is given by
Pi(Σ2)− Pi(Σ1) = −(1/4π)
∮
Bi|N |2dΩdu, (26)
MA(Σ2)−MA(Σ1)
= −(1/4π)ℜ
∮
l¯A
∂
∂u
( F
V |V |2
)
V |V |2dΩdu, (27)
where the integration is performed over the domain Ω ⊂
J+ contained between Σ1 and Σ2.
Geroch and Winicour [30] have given a list of prop-
erties which conserved quantities P (ξ,Σ) defined at J +
should have:
(1) P (ξ,Σ) should be linear in the generators of the
asymptotic symmetry group.
(2) P (ξ,Σ) should be invariant with respect to the con-
formal transformations g˜µν = Ω˜
2gµν .
(3) The expression P (ξ,Σ) should depends on the geom-
etry of J + and behavior of generators in the neighbour-
hood of J+.
(4) P (ξ,Σ) should be proportional to the corresponding
Komar integral for the exact symmetries and coincide
with the Bondi four-momentum when ξ is a BMS trans-
lation.
(5) P (ξ,Σ) should be define also for the system with ra-
diation on J +.
(6) There should exist a flux integral I which is linear in
ξ and which gives the difference P (ξ,Σ′) − P (ξ,Σ), for
Σ′ and Σ′ closed two-surfaces on J+.
(7) In Minkowski spacetime P (ξ,Σ) should vanish iden-
tically.
Our definition of the conserved quantities is free from
the supertranlation ambiguity and satisfies all conditions
(1) - (7) [7]. In the linearized theory, for the non-
contorted two-surfaces, the expression (24) coincide with
this one obtained by Bramson [31].
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